We show how hadronic bag models can be generalized to implement effects of a smooth and extended boundary. Our approach is based on fuzzy set theory and can be straightforwardly applied to any type of bag model. We illustrate the underlying ideas by calculating static nucleon properties in a fuzzy chiral bag model.
of an ordinary set. By letting this set become fuzzy, an extended boundary -containing conventional bag surfaces of varying radii and weights as elements -emerges. In analogy with the boundary conditions of standard bag models, the underlying fuzzy set (the weight function) is prescribed according to general physical requirements. Possibly, it could be determined dynamically in a future, more advanced version of the model.
As just indicated, the central idea of our approach is to promote the bag radius from a real number R to a fuzzy set ρ. In general, fuzzy sets [4] consist of an ordinary reference set X and a real-valued membership function µ :
which specifies the degree to which an element x ∈ X belongs to µ. (Following common practice, we use the same symbol for both the fuzzy set and its membership function.) By definition, µ is an element of the fuzzy power set F (X ) over X . Taken as the truth value of a statement x, µ(x) defines a generalization of Boolean logic (called L 1 [6] ) in which the strict true-false alternative for x is relaxed.
Accordingly, the fuzzy bag radius is represented by a membership function ρ(R), which specifies the degree to which a sphere with radius R belongs to the extended bag boundary.
Therefore, its reference set R ⊆ [0, ∞] minimally contains the radii in the surface region. We denote the center (in radial direction) of the boundary by R 0 and its width by ∆. Some of the potential of this description of the boundary originates from the fact [5] that membership degrees in fuzzy sets are generally not additive 1 (in contrast, for example, to probabilities).
to be independent. Instead, they can be coexisting and correlated in a common, extended boundary.
Since bag models do not provide any dynamics for the boundary, we have to rely on more general physical considerations to find the appropriate shape of ρ. First, we expect that the shell at radius R 0 belongs fully to the transition region, ρ(R 0 ) = 1, and that ρ(R) rises (decreases) monotonically for R < R 0 (R > R 0 ). Thereby, ρ becomes an element of
the set of fuzzy intervals over R. (Fuzzy intervals have particularly convenient calculational properties, see below.) Furthermore, in a two-phase model ∆ should not be larger than R 0 .
In fact, smaller ∆ < ∼ R 0 /2 are preferable since the inner region of the bag is more efficiently described in terms of quarks. Reasonable values for R 0 lie in the typical hadronic range of about 0.5 − 1.0 fm.
Nontopological soliton models [7] , which capture qualitative aspects of the transition between QCD vacuum phases in hadrons at the mean-field level, corroborate this picture.
The typical surface shapes found in such models are very close to those considered above.
In particular, they do not show significant asymmetries between the inner and outer parts of the surface. This suggests to use a Gaussian membership function
for the fuzzy bag radius, which we will do below. In order to check the dependence of the results on the detailed shape of the membership function, we have also tested alternative choices such as the triangular form
In all cases, the standard bag model is recovered for
The next step in the setup of the fuzzy bag model deals with the definition and calculation of observables. Starting from a conventional bag model with crisp bag radius, this is accomplished by employing the extension principle [8] of fuzzy set theory. Adapted to our context, it states that any map A(R) from a (crisp) bag radius R to an observable A ∈ A (as calculated in conventional bag models) can be uniquely extended to a map from the fuzzy bag radius ρ(R) to a fuzzy set ν :
Equation (3) quantifies how the fuzziness of the basic variable R propagates into the observables. It follows directly from the rules which govern fuzzy sets [8] . The nonlinearity of the supremum of the membership degrees ρ(R i ) (where all R i are mapped to the same A) in Eq. (3) shows explicitly that the resulting membership degrees are not additive 2 . As mentioned earlier, this implies that bag surfaces at different R need not be independent and, therefore, do not mutually exclude each other from belonging to a common boundary.
In order to convert fuzzy-bag results, i.e. the fuzzy sets ν(A), into numerical predictions, they have to be mapped onto those real numbersÃ which best represent their physical information content. To this end, we employ the standard centroid map [9]
(The integrals extend over A.) In subsequent calculations, the fuzzy results ν(A) can also be used directly whenever the involved mathematical operations can be extended to fuzzy intervals.
2 There is another important difference between fuzzy and linear measures like, for example, probability densities. Regarding p(R) = ρ(R) / X ρ(R ′ ) dR ′ as a probability density would imply that dP = p(R) dR is the associated probability to find R in an interval [R, R + dR]. Therefore, the induced probability density for A, p( The above steps complete the definition of the fuzzy bag model as the most direct and transparent fuzzy-set extension of the standard bag model. In principle, one could try to refine this model by employing more complex tools from fuzzy set theory (see, e.g., Ref. [10] ).
In view of the inherent limitations of the bag model itself, however, and of our fragmentary understanding of the physical mechanism which generates extended hadron boundaries, it seems likely that not much can be gained by such complications.
In order to illustrate the above concepts with a practical example, we now apply them to the nonlinear chiral bag model [2] , which is based on the Lagrangian
Here, Θ V , ΘV and δ V are the bag theta function, its complement and its derivative, q are the quark fields, and the pion fields φ appear in the nonlinear realizations U = exp(i τ φ/f π ) and The calculation of static nucleon observables in this model has recently been reviewed in Ref. [2] . For the following discussion, we select two results which illustrate characteristic properties of the fuzzy extension. The first is the total bag energy E in the hedgehog state.
Its bag-radius dependence is indicated in Fig. 2 (as the dotted line, with R 0 = R for crips bag radii). In the corresponding fuzzy bag model, the energy is uniquely extended to the fuzzy set
which is plotted in Fig. 1a for R 0 = 0.7 fm, ∆ = 0.3 fm, and R ǫ = [0, 1.5] fm. Note that E(R) cannot be inverted on R ǫ , so that the supremum in Eq. (6) plays an active role in shaping ǫ ρ (E).
As a second example, we consider the axial coupling g A of the nucleon, calculated to first order in the angular velocity Ω [2] . It is plotted as a function of the bag radius in Fig. 3 (dotted line). In contrast to the hedgehog energy, g A (R) is monotonic. On the other hand, it shows a significantly stronger bag-radius dependence, varying by almost a factor of two for 0 ≤ R ≤ 1fm. This is a well-known shortcoming of the chiral bag model since it implies a strong deviation from "Cheshire-Cat" behavior (see below). The corresponding fuzzy set
is shown in Fig. 1b for R γ = [0, 1] fm with R 0 and ∆ as above. The shapes of ǫ and γ closely reflect the behavior of E(R) and g A (R), and therefore depart significantly from the Gaussian (bag radius) set by which they are induced. Nevertheless, it can be shown that they remain fuzzy intervals for all R 0 and ∆ [11] . This is a generic property of fuzzy bag-model observables which is helpful in subsequent calculations involving these sets.
Next, we calculate the centroids of ǫ(E) and γ(g A ) according to Eq. (4) For increasing diffuseness of the boundary, the bag energy becomes less sensitive to R 0 until, beyond ∆ ∼ 0.4 fm, it remains almost R 0 -independent. The sensitivity of g A (R 0 ) to the position of the bag boundary (Fig. 3 ) decreases even more strongly for broader transition regions. With ∆ = 0.4 fm and for R 0 in the range 0 ≤ R 0 ≤ 1fm, g A deviates less than 10 % from its experimental value 1.26 [12] . Furthermore, it is interesting to note that the extended boundary shifts the minimum of the fuzzy-bag energy towards smaller radii, from 0.85 to 0.5 fm. If interpreted variationally, this minimum might contain (after projection) some information on the nucleon's size and structure (as long as the Cheshire-Cat principle is not perfectly re-alized, see below). From this point of view, smaller radii are favored both by experiment (which finds, e.g., that even rather hard probes (q 2 < ∼ 1 GeV 2 ) do not resolve the nucleon's quark core) and by meson-exchange phenomenology [13] .
The reduced sensitivity of fuzzy bag model results to the boundary position has its origin in the (generally) increasing support of fuzzy sets associated with stronger varying A(R).
The ensuing, weaker R 0 -dependence of the results is quite welcome since the unobservable bag radius lacks an unambiguous physical meaning, and since it reduces the parameter dependence of the model. Moreover, it better complies with the Cheshire-Cat principle [14] , according to which bag-model results should become radius-independent to the extent to which the description of the physics in-and outside of the bag can be perfected (and thus made indistinguishable). The improved Cheshire-Cat behavior is an inherent feature of fuzzy bag models because there is no longer a strict distinction between inside and outside dynamics. Exact Cheshire-Cat models would, in fact, be identical to their fuzzy counterparts since fuzzification leaves bag-radius-independent results unaffected. (Such models are, in other words, fixed points under fuzzification.)
In order to get an idea of the model dependence associated with different boundary shapes, it is useful to adopt a fuzzy measure for the equality of two fuzzy sets µ 1 , µ 2 [9] ,
which allows to compare the effects of, e.g., triangular and Gaussian boundaries quantita-
≃ 0.9, we find ǫ (g) = ǫ To summarize, fuzzy bag models as defined above extend standard bag models by incor-porating effects of a smooth phase boundary in terms of fuzzy set theory. Nevertheless, they maintain the appealing simplicity and the absolute confinement of conventional bag models.
Moreover, the fuzzy boundary can mitigate artefacts caused by sharp bag surfaces, and it reduces the sensitivity of observables to the bag size.
The fuzzy bag model thus provides a convenient instrument for studying consequences of extended hadron surfaces in a simple and rather unbiased way (at least as long as the Cheshire-Cat principle is not exactly realized). It should be especially useful for the investigation of observables with an enhanced sensitivity to surface properties, such as those of excited and deformed hadronic states, and for studying interactions among hadrons, e.g. in low-energy diffractive scattering processes. On a more conceptual level, the study of sur- Despite these encouraging results, however, more extensive phenomenological applications of the fuzzy bag should, at the present stage, not take precedence over the further development of its conceptual basis. A step in this direction could be, e.g., to find a selfconsistent dynamical mechanism for the calculation of the fuzzy bag radius set (perhaps as a soliton). It should also be possible to find physical applications for fuzzy sets beyond the realms of the bag model and hadronic physics. 
